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The effect of dissipation and compression work on the eddy conductivity calcu-
lated from experimental temperature distribution data for gases is examined in detail,
and it is shown that these effects are significant even in relatively low Reynolds
number flows, say greater than 30,000. The inclusion of dissipation and compres-
sion work in the energy equation for gaseous flows is shown to lead to the deter-
mination of symmetrical eddy diffusivities from experimental data.

The temperature distribution in the fully developed
thermal region for a fluid flowing turbulently between two
walls maintained at uniform but different temperatures is a
function of the transverse coordinate only, and therefore
both the wall temperature and heat flux are independent of
the axial coordinate. The heat entering at one wall is ef-
fectively “‘conducted’’ away by the fluid and then lost to
the other wall; the fluid is heated by contact with one wall
and cooled by contact with the other. This mode of convec-
tive heat transfer is particularly favorable for determining
the behavior of the eddy conductivity at the center of the
channel, as was recognized by Harrison and Menke (9) and
Corcoran, Sage, and co-workers (3 to 6, 11, 13, 14, 16).

Dissipation, an energy source, increases the temperature
of the fluid and consequently alters the temperature gradi-
ent distribution for heating and cooling in opposite direc-
tions. A parallel argument holds for the effects of com-
pression work, which behaves as an energy sink. An
asymmetrical arrangement is thus particularly interesting
because the fluid is simultaneously heated at one wall and
cooled at the other, and therefore dissipation and compres-
sion work may introduce asymmetries in the temperature
gradient distribution even if the fluid properties are as-
sumed independent of temperature. For these reasons, the
asymmetrical arrangement discussed above, which was
studied experimentally by Corcoran, Sage, and co-workers
(3t0 6, 11, 13, 14, 16) with the objective of determining
the eddy diffusivity distribution, is also particularly inter-
esting from the point of view of investigating the presence
of dissipation and compression work and the extent to
which these effects may intervene in the heat transfer
process.

Previous theoretical developments (12, 17, 18) indicate
that for gaseous flows, dissipation and compression work
may affect measured temperature profiles. The effects of
compression work on the temperature distribution are im-
portant for compressible flows whenever the dissipative ef-
fects cannot be neglected; the latter are of the same order
of magnitude as the other terms in the equation of energy
when the Eckert number is on the order of unity. Dissipa-
tion in turbulent gaseous flows was introduced by Venezian
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and Sage (19) in an attempt to correct the asymmetries re-
ported in the eddy conductivity evaluated from the experi-
mental temperature distributions of Corcoran, Sage et al.
Compression work, however, has not received attention, al-
though the combined effects of dissipation and compression
work may help account for these asymmetries in the eddy
conductivity distribution.

The concept of eddy diffusion loses its usefulness if the
total diffusivity is affected by the presence of sources,
sinks, or any secondary effects which have the net result
of altering its numerical values. This is because such de-
pendencies would preclude extrapolating the results ob-
tained from one set of experiments to another. They would
also impair the possibility of obtaining solutions to prob-
lems of increasing complexity by addition of simpler solu-
tions whose validity is more easily checked. It is thus the
objective of this paper to study the effects that dissipation
and compression work have upon the temperature profile in
asymmetrically heated systems, and, conversely, to pro-
pose a model such that the eddy coefficients calculated
from experimental data are not affected by the presence of
compression or dissipation work.

ANALYSIS

For the configuration shown in Figure 1 and assuming
that the fluid properties are independent of temperature, the
equation of motion for fully developed turbulent flow is

dP d d
= u ~-R, < R (1)
I ly i+ pEy) ly’ e Sy <he

The effects of compressibility on the velocity distribution
are assumed to be negligible. This is a tenable assump-
tion for low Mach number flows (15), even though a fully
developed velocity distribution is not compatible with com-
pressibility effects (7).

The equation of energy is

dP
U =

o 0 (2
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Fig. 1. Schematic diagram of parallel plate duct with unequal
temperatures at both walls.

represents molecular and turbulent dissipation as was
shown by Venezian and Sage (19), and u(dP/dx) is as-
sumed to represent the effects of compressibility. Intu-
itively, one may expect that the effects of compressibility
on the velocity distribution affect the temperature profile to
a lesser extent than they affect it by serving as forcing
functions in the energy equation. Equations (1) and (2)
apply to laminar flow when setting e = em = 0.
Compression work does not appear in the energy equation
for incompressible liquids since then Cp, ~ C,, (1) and
therefore this term appears only for gases, which usually
have a Prandtl number on the order of unity. Thus a pa-
rameter s will be introduced such that s = 1 for gases and
s =0 for liquids. Then, Equation (2) can be written in di-
mensionless coordinates with the aid of Equation (1) as
follows:

d .dé dP* | dw
— = +Ngp 19— = ~1<px<1
dnfdn+ E got {ndn+sw} 0, << 3
where
f=1+_IEPLEM_
Prp v

and
s =1 for gases
s =0 for liquids
For uniform wall temperatures the boundary conditions are
H-1 =0
o) =6,

Then, the solution to Equation (3) can be written, for con-
venience, as

00 = 6,(n + 6,(p Y
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where

%f(r]) %%:0 (5)

with
0,(-1) =0, 6,(D=6, (6)

and

+

dinf(n)i—%—NE Z—f;— {WZ_Z:+SW}=O (N

with
6,(-1) =6,(1) =0 (8)

Integrating Equations (5) and (7), one obtains

I

1 1
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(Lo
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and
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Also, from Equation (4)
dé  deé, do, _
dn =1 dn +f dn

dpt
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E dxt

n
{nw+(s-1)f wdn}
1

+2% 0 ag
dn

Note that if Ng = 0, that is, if dissipation and compression
work effects are negligible, the heat flux is independent of
radial position and Equation (12) reduces to

(do_do
dn dy
which defines f. That is, Equation (13) can be used to
compute f(7) from experimental data only if Ng = 0. If com-
pression work and/or dissipation cannot be neglected,
Equation (13) leads to conductivity distributions that are in
error. This point was first made by Venezian and Sage (19)
in an attempt to correct the total conductivity distributions
reported by Hsu et al. (11), who used an equivalent form of
Equation (13) to compute f(n) from temperature distribution
data for flow of air in the configuration of Figure 1. How-
ever, Venezian and Sage (19) neglected the effects of com-
pression work.

(1) (13)

The Temperature Distribution
If one assumes that the eddy conductivity is symmetrical
about the center of the channel, Equations (4) and (9) for
Ng = 0 predict that
00 = 6,(0) = 2 6,, (14)

that is, the temperature at the center of the channel is the
arithmetic mean of the temperatures at both walls if dissi-
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pation and compression work are neglected. However, from
Equations (4), (9), and (10), for Ng £ 0, the following cases
are possible at the center of the channel:

1. Only dissipation is included (s = 0, Ng # 0):

7 dw
—d
0_](; ndn 7

S

2. Both dissipation and compression work are included
(s =1, Ng £ 0

1 dpP*

g0 = = =L

2 9w + Np s dx*

1

,
6(0) = 5 6, +Ni | 95

dx*

dy>Lte, ()

2

(16)

0
oLy
J;leZw

The experimental evidence gathered by Corcoran, Sage and
coworkers shows that, in general, the temperature at the
center of the channel is such that

Twz

Tw1 +
TEXP 0 < ‘—T—

in agreement with the predictions of Equation (16), It
seems a plausible proposition that both compression work
and dissipation should be considered simultaneously in
gaseous flows if the correct trends in the temperature pro-
files are to be predicted with an eddy diffusivity function
which is symmetrical about the centerline of the conduit.
It then follows that for gaseous flows, both dissipation and
compression work must be considered simultaneously if one
attempts to compute the eddy conductivity from experimen-
tal temperature data. Venezian and Sage (19), in an effort
to account for the asymmetries in the eddy conductivity re-
ported by Hsu et al. (11), postulated the presence of dissi-
pative effects, which they called ‘‘viscous,”” and sought to
correct the eddy diffusion by calculating it from the expres-
sion (see Equation (12))

dorxp dogxp
—(p) = ———(D
o=y dn
+ 7
+NE,, s [nw—j; wdn] a7
de
where —L%E (n) is com})uted from the experimental tem-

perature distribution, and (Z%Q— (1) is the measured flux
at the upper wall of the channel. Then, f, cannot be an
even function of 7, since if fy is even, the temperature pro-
file constructed from Equation (3) satisfies condition (15),
that is, the temperature at the center of the channel is
higher than the average of the wall temperatures, and this
contradicts the experimental data it is supposed to repre-
sent. This means that expression (17) cannot eliminate the
asymmetries in the eddy distribution calculated from the
experimental data. Incidentally, expressions (3) and (15) in
the work of Venezian and Sage (19) should be integrated
between the limits (ye, ¥) rather than (yo, yo — ¥), but the
conclusions in their paper indicate that these discrepancies
are merely printing errors.

The Conductivity Distribution

From the foregoing discussion it follows that it is neces-
sary to be very careful when attempting to determine eddy
conductivity distributions from experimental temperature
profiles. In this analysis, heat sinks, rather than heat
sources, seem to account for the experimental deviation of
the temperature at the center of the channel while preserv-
ing the symmetry of the eddy diffusivity function. Cop—
versely, one must account for the effects of compression
work together with dissipation when interpreting experi-
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mental temperature distributions for gases. The contribu-~
tions of dissipation and compression work to the heat flux
distribution can be derived from Equation (10). Thus ane
has

1. Dissipation:

+
dp1ss dp f K
ADISS N 12 - d (18)
RAT/R, ~F [ dx* [’7“’ o
2. Compression work:
4+
9comP ap K
i — d (19
RAT/R, Bl axt L v
and
1 dé,
RAT/R, lapiss + gcomp! :fEi' (20)

Thus the total conductivity f defined by Equation (20) or
(13) can be understood as the ‘‘frozen’’ total conductivity of
the fluid, and this concept applies equally well to turbulent
or laminar flows. The qualifier ‘‘frozen”’ is used in the
sense that f is determined by the nature of the fluid and the
type of flow, that is, the parameters N p,, Npr,, and Nge,
and is not affected by any other parameter. This idea can
also be expressed in a more complete form by writing the
heat flux ¢ in the form

dT¢
= C+ Is €= )
g=q Ei i q°=f n

where ¢€ refers to the flux, and T¢ to the temperature, that
would result if only convection and conduction were pres-
ent, and q; are the fluxes arising from the presence of
sources, sinks, species diffusion in multicomponent mix-
tures, radiant energy, etc. In the context of this work, ¢¢
would be defined by

s
qi = dn

q° dé,
raT/R, 1 dn

while the g; are given by Equations (18) and (19). From
Equations (20) and (21) one gets

ao fflﬁ df, 9Exp
dq ' dn ' dp TRAT/R,
and from Equation (12)

(2L

(22)

4gxp_ _ %sxp _d0exp D
EAT/R, dn dn

+

+ Ng| —
E dx*

-
[nw +( =D} ‘w’d‘n]‘ (23)
1
Thus if this analysis is taken as the basis for the interpre-

tation of the experimental results discussed earlier, the
conductivity is to be computed from Equation (23) with
s=1:
do dé *
f—EXE () EXP (1), Ng
dn dn

and 9gxp (n) is the experimental temperature profile. In

this manner, the energy balance (3) is satisfied and the
conductivity is not affected by the presence of dissipation
and compression work.

(24)

dx?

[nw!

RESULTS

Denoting by f, the conductivity calculated from Equation
(24) with Ng = 0 which applies when the contributions_, of
dissipation and compression work are neglected, and is the
expression used by Hsu et al. {11) to compute total conduc-
tivities from the experimental data of Corcoran, Sage et al.,
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one has in general

N dp* [ 7
E|T% 17w+(s—1)J‘ wdn
fGp dx 1
= (25)
() de
foln —EXP (y)
dn

where s =1 for gas flows. Thus, once the terms 7w and

n
f wdn are known, it is possible to estimate the errors
1

created by neglecting dissipation alone or together with
compression work. It is also possible to correct the con-
ductivities reported by Hsu et al. to compensate for dissi-
pation and compression work.

The functions
7
qw ~ f wdn
1

qw (26a, b, )

n
-—f wdn
1

which correspond to the contributions due to dissipation
aléne, to dissipation and compression work, and to the dif-
ference between these two, respectively, are shown in Fig-
ure 2 as a function of position for a Reynolds number of
37,500, These curves were calculated with the eddy vis-
cosity of Gill and Scher (8) and a N Pr, of unity, which is
a reasonable value for gas flows., Note that curve a repre-
sents the conductivity correction term proposed by
Venezian et al. (19); curve b represents the correction term
proposed in this work; and curve c is the difference be-
tween these two.
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o) nw-/ T wd7)
1.6p : b) w
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Fig. 2. Contributions to the fiux arising from (a) dissipation,
(b) compression work, and (c) difference between g and b.
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Calculations performed for a Reynolds number of about
57,000 resulted in essentially the same curves as shown in
Figure 2 for Ng, = 37,500. In fact, for turbulent flows
whose velocity distribution can be approximated by the

power law
+\n
1 1
w+=<2+_> mSn<s
ym/ 10 7

the functions a, b, ¢ of Figure 2 can be expected to remain
essentially unchanged. This permits one to estimate the
effect that neglecting dissipation and compression work
has on the heat flux and conductivity distributions in the
region of xt — oo for a wide range of parameters, For this
purpose, one can write

+

apr* y
- Ng Npy ¢
up

dx*

As an example, consider flow of air (Np, = 0.72) at Nre =
50,000 with 6,, = 2 and Ng = .1, which corresponds to the
range of parameters experimentally investigated by Cor-
coran, Sage et al. The maximum value in curve b, Figure 2,
is 0.8, and the maximum error in the reduced temperature
gradient d6/dy arising from neglecting dissipation and com-
pression work is

Ng

dpP*
0.8Ng t—i—x—: 175 - 6.5
dapt 1,75 + 25.2 ’
O.SNE E;‘: + ew‘ 1

where the values of y7,, uB, and A, were taken from refer-
ence 2.

Doubling the Reynolds number to 100,000 increases the
fickert number by a factor of 4. Then, the maximum error
in d6/dn arising from neglecting dissipation and compres-
sion work would be

12.5

12,5 + 43.8

This is a rather large error and indicates the need of in-
cluding dissipation and compression work for this particu-
lar example. This result is not very surprising since a
Reynolds number of 100,000 for air in the experimental ap-
paratus of Corcoran, Sage et al., which served as model for
this analytical work, corresponds to a rather high velocity
of about 200 ft./sec. The two examples given above illus-
trated that significant errors may be involved when neglect-
ing the contributions of dissipation and compression work.

The general approach suggested in this paper implies a
mechanistic interpretation of the concept of eddy conduc-
tivity. When applied with due care, this permits one to pre-
dict the trend of the experimental irregularities reported in
the experimental work of Corcoran, Sage, dnd co-workers
and at the same time the simplicity that results from an
even eddy diffusivity is maintained. This can be seen, for
example, in Figures 3 to 7, where the temperature profiles
calculated from Equation (3) with the eddy diffusivity of
Deissler as modified by Hatton and Quarmby (10) are plotted
versus reduced radial distance for values of the parameters
that closely approximate the experimental values of Cavers
et al. (3).

The influence of dissipation and compression work on the
temperature profiles is seen in Figures 3 to 7 to increase
with Reynolds number (that is, Eckert number, since all di-
mensions in the system remain constant except the veloc-
ity). At Nre ~ 36,000, the contribution of dissipation and
compression work to the bulk temperature is about 2%; at
Nge ~ 56,000, it increases to about 5%. However, one
should be cautious in extrapolating to higher Reynolds
numbers because, as the Nge increases, the compressibil-
ity effects become more important and may invalidate the
assumption that the flow is incompressible in calculating

~ 22%
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Fig, 3. A comparison between the theoretical fully developed

temperature distribution between flat plates with uniform, different

wall temperatures with dissipation (NE # 0, S = 0) and dissipation

and compression work (Ng # 0, § = 1), and the experimental data

of reference 3 for air at NRe = 8,122 Eddy viscosity of Deissler
as modified by Hatton et al. (10), with NP,y = L.

NRe = 8,135 NE =0.0012 Np, =0.72
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Fig. 4. A comparison between the theoretical fully developed

temperature distribution between flat ptates with uniform, differ-

ent wall temperatures with dissipation (Ng # 0, S = 0) and dis-

sipation and compression work (Ng # 0, $ = 1), and the experi-

mental data of reference 3 for air at Ng, = 18,578, Eddy viscosity
of Deissler as modified by Hatton et al. (10), with NPy = 1.

NRe = 18,593 NE = 0.012 NP, = 0.72
$=0 S=1
NNo, 37.29 37.12
NN, 36.60 36.77
6 1.004 0.995
B
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Fig. 5. A comparison between the theoretical fully developed
temperature distribution between flat plates with uniform, differ.
ent wall temperatures with dissipation (Ng £ 0, § = 0) and dissi-
pation and compression work (Ng £ 0, § = 1), and the experimen-
tal data of reference 3 for air at N = 37,528. Eddy viscosity of
Deissler as modified by Hatton et al. (70), with P’T =1,

NRe = 37,521 Ng =0.043 Np, = 0,72
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Fig. 6. A comparison between the theoretical fully developed
temperature distribution between flot plates with uniform, differ.
ent wall temperatures neglecting both dissipation and compression
work (Ng = 0), and the experimental dato of reference 3 for air at
NRe = 37,528, Eddy viscosif{ of Deissler as modified by Hatton

et al. (10) with Np,.T = 1.
NRe = 37,571 Ng =0 Np,=0.72
NN, =62.28
68 =1,
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Fig. 7. A comparison between the theoretical fully developed
temperature distribution between flat plates with uniform, differ-
ent wall temperatures with dissipation (Ng £ 0, § = 0) and dissi-
pation and compression work (NE # 0, $ = 1), and the experimen-
tal data of reference 3 for air ot NRe = 56,689. Eddy viscosity of
Deissler as modified by Hatton et al. (10), with NP'T =1

NRe = 56,665 NE =0.12 Np, = 0.72
S=0 $=1

NNu, 92.18 89.44

NN, 77.78 81.46

05 1.04 0.953

the velocity field. For air, a velocity of about 330 ft./sec.
is taken as the lower limit for the compressibility effects to
be negligible. For the experimental set of Corcoran, Sage
et al., this would be equivalent to a Reynolds number of
about 170,000, which is beyond the range they studied. If
the Eckert number is zero, which is equivalent to neglect~
ing dissipation and compression work effects, the tempera-
ture profile computed from Equation (3) with an eddy diffu-
sivity which is an even functionin -1 <7 <1 is a function
such that 8(s) =1 =1 - ¢(~7) for all -1 <4 <1, as can be
seen in Figure 6. Nonzero Eckert numbers, that is, when
dissipation and compression work are accounted for, pro-
duce temperature distributions that do not satisfy that con-
dition, as illustrated, for example, by Figure 7. The ef-
fects of a nonzero Eckert number for the system discussed
here become noticeable only at Reynolds numbers above
30,000.

It is important to note that the analytical temperature dis-
tribution deviates from the experimental data to a greater
extent when only dissipation is included in the model than
when the Eckert number is zero. Note also that the inclu-
sion of only the dissipation term creates a trend in clear
conflict with experiment, since experimentally the tempera-
ture at the center of the channel consistently appears to be
le:j than the arithmetic mean of the temperatures at the
walls,

When both dissipation and compression work are in-
cluded, Equation (3) leads to temperature distributions that
follow the experimental trends, as illustrated for example
on the dashed lines in Figures 5 and 7.

The temperature distributions of Figures 3 to 7 were cal-
culated with the eddy diffusivity function of Deissler as
modified by Hatton and Quarmby (10), who flattened it at
its maximum value over the central region of the channel.
Figure 8 illustrates the temperature distributions that result
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Fig. 8. A comparison between the theoretical fully developed

temperature distribution between flat plates with uniform, differ.

ent wall temperatures with dissipation (Ng # 0, S = 0) and dissi-

pation ond compression work (NE # 0, $ = 1), and the experimen-

tal data of reference 3 for air at Np, = 56,689. Eddy viscosity of
Deissler not flattened with NP,T =1,

NRe = 56,791 Ng =0.12 Np,=0.72
S§S=0 §$=1

NNy, 70.07 65.59

NN, 54.64 59.96

g 1.04 0.96

from using the unmodified form of Deissler’s eddy diffusiv-
ity function, which goes to zero at the center of the chan-
nel, in the presence of transverse temperature gradients.
Clearly the temperature distribution obtained in this case
is unacceptable and in marked disagreement with the ex-
perimental data, indicating the importance of having a non-
zero eddy diffusivity at the center line. These points are
discussed in more detail in reference 2.

CONGCLUSIONS

1. The inclusion of dissipation and compression work in
the equation of energy for gaseous flows between parallel
plates at uniform, different wall temperatures yields tem-
perature distributions which closely agree with the experi-
mental data of Cavers et al. (3) if an eddy diffusivity that
does not go to zero at the center is employed. In particu-
lar, the temperature at the center of the channel is pre-
dicted to be less than the average of the wall temperatures,
in agreement with the experimental evidence.

2. The net effect of dissipation alone in liquid flows and
of dissipation and compression work in gaseous flows is
that of increasing the heat flux when the fluid is hotter than
the wall, and decreasing it-when the fluid is cooler than the
wall. This is particularly important when computing eddy
conductivities from temperature distributions in channels
with uniform, different wall temperatures, because the fluid
is heated by one wall and cooled by the other. Thus the
heat flux distribution is affected by dissipation and com-
pression work in opposite directions in the two halves of
the duct, and the heat flux symmetry about the centerline of
the duct that would prevail if dissipation and compression
work were negligible is destroyed. This heat flux asym-
metry leads to an asymmetric eddy conductivity if the exper-
imental data are interpreted through an integrated form of
the energy equation that fails to account for dissipation for
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liquids, and hoth dissipation and compression work for
gases.

3. An asymmetrical eddy diffusivity is not compatible
with the assumption that the properties of the fluid are in-
dependent of temperature, and is a cumbersome concept
that makes superposition of solutions impossible. Instead,
the inclusion of dissipation and compression work in the
energy equation for gaseous flows has been shown to lead
to a symmetrical eddy diffusivity. This point is illustrated
by comparing Figures 5 and 6, which show temperature dis-
tributions obtained with a symmetrical eddy diffusivity
function, Note that when dissipation and compression work
are included, the theoretical and experimental data are in
better agreement than when they are neglected.

4. The contribution of dissipation and compression work
to the temperature distribution in the cases studied here is
negligible for Reynolds numbers less than 30,000, which
correspond to Eckert numbers of less than 0.05.
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NOTATION
Cp = heat capacity at constant pressure
Cy = heat capacity at constant volume
f = dimensionless conductivity distribution, 1 + &g/«
fo = dimensionless conductivity distribution calculated
from experimental temperature data for air, neglect-~
ing dissipation and compression work
fv = dimensionless conductivity distribution calculated
from experimental temperature data for air; neglect-
ing compression work only
h = heat transfer coefficient
k = thermal conductivigy

uB
Ng = Eckert ber, ———
E ert number CoaT

Reh

Nny = Nusselt number,
Np; = Prandt] number, %L

Em
Np:.. = turbulent Prandtl number, —
<
H
4R.uB

v

Npe = Reynolds number,

P = pressure
P* - dimensionless pressure, P/ pu;3
g = heat flux
R, = hydraulic radius
s = parameter. For gases, s = 0 when neglecting com-
pression work and s = 1 otherwise. For liquids,
s =0 in all cases
T = temperature distribution
AT = temperature difference, To — Tw,
u = velocity distribution

v = dimensionless velocity distribution, v

*
. . . Tw
u, = friction velocity, —
p

u, = velocity at channel center line
up = average velocity

+

UB = uUB/Ux
w - dimensionless velocity distribution, -
B

w' = dimensionless velocity distribution o
m

x = axial coordinate
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x* = dimensionless axial coordinate, x 4 =
k Re NRe Np;

x —"
R ugrC,
y = radial (transverse) coordinate measured from chan-

nel centerline
y = dimensionless transverse distance from wall

R —|y\]u*

v
elx

yr = dimensionless half-thickness,

Greek Letters

o = thermometric conductivity, R
PLp
€ = eddy diffusivity

n = dimensionless transverse coordinate, 2
e

T-T
¢ = dimensionless temperature distribution, w1

Twe-T
0w = dimensionless wall temperature difference, —__’”2AT wl

u = viscosity
v = kinematic viscosity, p/p
p = density

Tw = shear stress at wall

1 1 !
A, = f —dn]
I

Subscripts
B = cup mixing average

COMP = due to compression work

DISS = due to dissipation
EXP = measured experimentally or derived from experi-
mental data
m = maximum or center line value
o = entrance of channel, x =0
w, = at lower wall of channel
w, = at upper wall of channel
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